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GUOWU MENG 

Abstract. For each integer n > 2, we demonstrate that a 2n-dimensional 
generalized MICZ-Kepler problem has an Spin(2, 2n + l) dynamical symmetry 
which extends the manifest Spin(2ra) symmetry. The Hilbert space of bound 
states is shown to form a unitary highest weight Spin(2, 2n + l)-module which 
occurs at the first reduction point in the Enright-Howe-Wallach classification 
diagram for the unitary highest weight modules. As a byproduct, we get a 
simple geometric realization for such a unitary highest weight Spin (2, 2n + 1)- 
modulc. 



1. Introduction 

The Kepler problem is a physics problem in dimension three about two bodies 
which attract each other by a force proportional to the inverse square of their 
distance. The MICZ-Kepler problems, discovered in the late 60s by Mcintosh and 
Cisneros [1] and independently by Zwanziger [2], are natural cousins of the Kepler 
problem. It was shown by Barut and Bornzin [3 that the MICZ-Kepler problems 
all have a large dynamical symmetry group — Spin(2, 4). 

The 5-dimensional analogues of the MICZ-Kepler problems were found by Iwai 
4J and their dynamical symmetries were studied by Pletyukhov and Tolkachev [5] . 
About two years ago, the D-dimensional (D > 3) analogues of the MICZ-Kepler 
problems, which extends both the MICZ-Kepler problems and Iwai's 5-dimensional 
analogues, were found by this author [6]. As in Ref. [7] we shall refer to the 
MICZ-Kepler problems and their higher dimensional analogues as the generalized 
MICZ-Kepler problems. It is then natural to extend the study of the dynamical 
symmetry to all generalized MICZ-Kepler problems. Indeed, when the dimension 
D > 3 is an odd integer, this study has been carried out recently by Zhang and 
this author [7]; in fact, more refined results, which are of interest to representation 
theorists, were obtained there. 

The purpose of the present paper is to carry out this study in the case when D > 3 
is an even integer. Note that, when D is even, the magnetic charge must be either 
or 1/2. We shall show that for each integer n > 2, a 2n-dimensional generalized 
MICZ-Kepler problem always has an Spin(2, 2n+ lJ3 dynamical symmetry, i.e., its 
Hilbert space of bound states forms an irreducible unitary module for Spin(2, 2n+l). 
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In fact, we shall show that the Hilbert space of bound states forms a unitary highest 
weight module for Spin(2,2n + 1); more precisely, we shall establish the following 
result: 

Theorem 1. Assume n > 1 is an integer and fi = or 1/2. Let J^f(p-) be the Hilbert 
space of bound states for the 2n- dimensional generalized MICZ-Kepler problem with 
magnetic charge fi, and = I + fj, + n — 3/2 for any integer I > 0. 

1) The manifest unitary action o/Spin(2n) on Jf?{fi) extends to a natural unitary 
action of Spin(2, 1) x Spin(2n) under which J^f{^) decomposes as follows: 

\ 0^o (v~^ +2 ® (D+ © £>,-)) = 1/2 

(1.1) JTM = I 

where Df 1 is the irreducible module of Spin(2n) with highest weight 

(I + 1/2, 1/2,- ■• ,1/2, ±1/2), 
is ffte irreducible module o/Spin(2n) wii/i highest weight (1,0, ■ ■ ■ , 0), andT> 2l +2 
is the anti-holomorphic discrete series representation of Spin(2, 1) with highest 
weight —1^ — 1. 

2) There is a natural unitary action o/Spin(2, 2n+l) on J4?(p) which extends the 
preceding unitary action o/Spin(2, 1) x Spin(2n). In fact, is the unitary high- 
est weight module o/Spin(2, 2n + 1) with highest weight (— (n + fi — 1/2), fi, • • • , fx); 
consequently, it occurs at the first reduction point of the Enright-Howe- Wallach clas- 
sification diagran^ for the unitary highest weight modules, so it is a non-discrete 
series representation. 

3) As a representation of the maximal compact subgroup Spin(2) x Spin(2n + 1) , 

- oo 

(1.2) ^ = ©,=0(^-1)^') 

where D is the irreducible module o/Spin(2n+l) with highest weight (1+fJ,, /V • • , fi) 
and D(— — 1) is the irreducible module of Spin(2) with weight —l^ — 1. 

We would like to point out that the unitary highest weight representation of 
Spin(2, 2n + 1) with highest weight (— (n + fx — 1/2), fj,, ■ ■ ■ ,fj,) exists if and only if 
when n = or 1/2, see pages 127-128 in Ref. [10] and the paragraph containing Eq. 
(2.7) in Ref. [10]. Therefore, we have another representation theoretic evidence for 
the nonexistence of the even-dimensional generalized MICZ-Kepler problem with 
magnetic charge higher than 1/2. 

Readers who wish to have a quick geometric description of the aforementioned 
unitary highest weight module of Spin(2, 2n+l) may consult the appendix. Readers 
who wish to know more details about the classification [8] [9] [10] of unitary highest 
weight modules may start with a fairly readable account from Ref. [10] . Note that 
there is no general classification result for the family of unitary modules of real non- 
compact simple Lie groups, and the subfamily of unitary highest weight modules 
is special enough so that such a nice classification result can possibly exist. The 
first reduction point picked up by the "Nature" from the Enright-Howe- Wallach 

2 Page 101, Ref. |10| . While there is a unique reduction point when = 1/2, there are two 
reduction points when fi = with the second reduction point being the trivial representation. See 
also Refs. [8j [9] . 
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classification diagram is even more special because it belongs to an even more 
special subfamily called Wallach set. 

In section [3J we give a quick review of the generalized MICZ-Kepler problems 
in even dimensions. For the computational purpose in the subsequent section, we 
quickly review the gauge potential for the background gauge field (i.e., connection) 
under a particular local gauge (i.e., bundle trivialization) , and then quote from Rcf. 
[6j some key identities satisfied by the gauge potential. In section [3l we introduce 
the dynamical symmetry operators and show that they satisfy the commutation 
relations for the generator^ of soo(2, 2n + 1). We also show that these dynamical 
symmetry operators satisfy a set of quadratic relations 0. These results are stated as 
Theorem[5] In section^ we start with a preliminary discussion of the representation 
problem and point out the need of "twisting" . Then we gave a review of the (bound) 
energy eigenspaces (i.e., eigenspaces of the harmiltonian viewed as a hermitian 
operator on the physical Hilbert space) and finally introduce the notion of "twisted" 
energy eigenspaces which is soon shown to be the space of L 2 -sections of a canonical 
hermitian bundle. In the last section, we solve the representation problem by 
proving two propositions from which Theorem [1] follows quickly. In the appendix, 
each of the unitary highest weight representation of Spin(2, 2n+l) encountered here 
is geometrically realized as the space of all L 2 sections of a canonical hermitian 
bundle. Via communications with Profs. R. Howe and N. Wallach, we learned 
that these representations can be imbedded into the kernel of certain canonical 
differential operators, see Refs. [TTJ [TJ] for the case n = and Ref. [T3j for the 
general case. 



2. Review of generalized MICZ-Kepler problems 

From the physics point of view, a MICZ-Kepler problem is a generalization of the 
Kepler problem by adding a suitable background magnetic field, while at the same 
time making an appropriate adjustment to the scalar Coulomb potential so that the 
problem is still integrable. The configuration space is the punctured 3D Euclidean 
space, and the background magnetic field is a Dirac monopole. To be more precise, 
the (dimensionless) hamiltonian of a MICZ-Kepler problem with magnetic charge 
fj, is 

Here Aa is the Laplace operator twisted by the gauge potential A of a Dirac 
monopole under a particular gauge, and /i is the magnetic charge of the Dirac 
monopole, which must be a half integer. 

To extend the MICZ-Kepler problems beyond dimension three, one needs a suit- 
able generalization of the Dirac monopoles. Fortunately this problem was solved in 
Refs. [T21 USl E] ■ We review the work here. 



^It is V - 1 times the local connection one-form. 

4 Here we adopt the practice in physics: the Lie algebra generators act as hermitian operators 
in all unitary representations. 

^This set of quadratic relations will be shown |14j to algebraically characterize the unitary 
highest weight Spin(2, 2n + l)-modules stated in Theorem [T] above. 



4 



GUOWU MENG 



2.1. Generalized MICZ-Kepler problems. Let D > 3 be an integer, Rf be the 
punctured D-space, i.e., R D with the origin removed. Let ds 2 be the cylindrical 
metric on M.P . Then (Rf, ds 2 ) is the product of the straight line R with the round 
sphere S D ~ Since we are interested in the even dimensional generalized MICZ- 
Kepler problems only in this paper, we assume D is even. 

Let S be the spinor bundle of (M.P , ds 2 ), then S corresponds to the fundamental 
spin representations s of 50q(D — 1) (The Lie algebra of SO(D — 1)). Note that 
this spinor bundle is endowed with a natural SO(D) invariant connection — the 
Levi-Civita spin connection of (S.P,ds 2 ). As a result, the Young product of / 
copies of these bundles, denoted by S 1 , are also equipped with natural SO(D) 
invariant connections. (By convention, S° is the product complex line bundle with 
the product connection.) The corresponding representation of S0q(D — 1) will be 
denoted by s 2m . 

Definition 2.1. Let n > 2 be an integer and /i = or 1/2. The 2n-dimensional 
generalized MICZ-Kepler problem with magnetic charge /i is defined to be the 
quantum mechanical system on R 2n for which the wave-functions are sections of 
6> 2ai , and the hamiltonian is 

(2.2) H = - 1 -A,+ in -}^ -1 
1 ' 2 M 2r 2 r 

where A M is the Laplace operator twisted by S 2)J ". 

Upon choosing a local gauge, the background gauge field (i.e., the natural con- 
nection on S 2fl ) can be represented by a gauge potential A a in an explicit form; 
then can be represented explicitly by J2 a (d a +iA a ) 2 ■ Since the gauge potential 
is of crucial importance, we review some of its properties in the next subsection. 

2.2. Basic identities for the gauge potential. We write r — (x\, X2, ■ ■ ■ , Xd-x, Xd) 
for a point in MP and r for the length of r. The small Greek letters /x, i/, etc run 
from 1 to D and the lower case Latin letters a, b etc run from 1 to D — 1. We use 
the Einstein convention that repeated indices are always summed over. 

Under a suitable choice of local gauge on M. D with the negative D-th axis re- 
moved, the gauge field can be represented by the following gauge potential: 

(2.3) Ad =0, Ab = -, — rx a -fab 

r(r + Xd) 

where jab — j[7a>7fc] with 7 a being the "gamma matrix" for physicists. Note that 
7a = i&a with e a being the element in the Clifford algebra that corresponds to the 
a-th standard coordinate vector of R- 0-1 . 
The field strength of A a is then given by 

!FDb = ^jX a J a b, 
rab — r(r+x D ) ^ r 2(r+i D ) a 

((2 + ^f-)x c (x a J cb - Xbjca) + iXdX c [lda-,lcb]) 

Here are some identities from Ref. [5] that our later computations will crucially 
depend on: 

Lemma 2.2. Let A a be the gauge potential defined by Eq. \2. 3\) and let F a p be its 
field strength. 
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1) The following identities are valid in any representation of 50q(D — 1): 

2 1 

•EfA-Afj, 0, ^fiF^j; 0, [^/n ^uv] 0, 

(2.5) - ^ {x^XaF^jy -f- Xf^xpFvty XiiXf^F^^ XjjX fiF^Q^) , 

where V a = c^+i-Aa, andc2 = C2[soq(D — 1)] = ^jablab is the (quadratic) Casimir 
operator of S0q{D — 1). 

2) When D = 2n, identity 

o„ „ n — 1 ( 1 x^XflN , 3, 

(2.6) r 2 ^ AQ F^ = — - -<J Q/3 - -2L£ + i( n - -)F o/J 



2 

/Wds m f/ie fundamental spin representation s o/s0o(2n — 1). 

Remark that „4,. = = 0, where A r and Ag are the r and 9 components of A 
in the polar coordinate system (r, 9, 9\, ■ ■ ■ , 9d-3, <t>) for with 9 being the angle 
between r and the positive D-th axis. 

3. The dynamical symmetry 

For the remainder of this paper, we only consider a fixed 2n-dimensional gen- 
eralized MICZ-Kepler problem. Recall that the configuration space is M.® where 
D = 2n. For our computational purposes, it suffices to work on K D with the neg- 
ative £>-axis removed. Introduce the notations 7r a := — «V Q , c := [n — Then 

[itonltp] = —iF a p. 

Just as in Ref. [7], we let 

f := rTT, X:=m 2 + £, Y := r, 

(3.1) 
and 
(3.2) 

A:=\{Z-Wy M :=\[Z + Wy T := i[T D+1 ,T. 
Some relatively straightforward but lengthy computations yield 

Ja/3 = X a TTp ~ Xf3TT a + r 2 F a p, 

A a = \x a -K 2 - ir a (r ■ 7?) + r 2 F a( 3iTf3 ~ ^x a + \{D - 3)7r„ - \x a , 
M a = \x a K 2 -Tt a (r-T:)+r 2 F a pTTp-^x a + ^{D-Z)T: a + \x a , 

^+1 = Kr^-r + l). 



J a(3 := i[T a ,T ], Z:=i[T,X], W := i[T, Y] = r; 

t d+1 :=\(x-y), r_ i: =|(z + y), 
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(3.3) J Al 



Let the capital Latin letters A, B run from —1 to D + 1. Introduce Jab as 
follows: 

J M „ if A = fi, B = v 
A,, HA = n,B = D + l 
Mn i£A = n,B = -l 
r p if A = fi, B = 
T HA = D + 1,B = -1 
T D+1 ifA = D + l, B = 
r_a ifA = -l, B = 
-Jba if A > B 
i£A = B. 

Theorem 2. Assume /i — or 1/2. Lei C 00 ^ 211 ) be the space of smooth sections 
of S 2 ^, and J AB be defined by Eq. hS.3\) . 

1) As operators on C°°(S 2fJ "), Jab '$ satisfy the following commutation relations: 

(3.4) [Jab, Ja>b>] = iijAA' Jbb' - ir)BB'JAA< + ^ab'JbA 1 + ivbA'Jab' 

where the indefinite metric tensor rj is diag{+ H — ...—]■ relative to the following 
order: —1, 0, 1, . . . , 2n + 1 for the indices. 

2) As operators on C°°(S 2 ^), 

(3.5) {Jab, J A c} ■= JabJ A c + J A cJab = ~2m lBC 
where a = n — 1/2 — c. 

Proof. The proof of this theorem can be transplanted directly from the one for 
theorem 2 in Ref. [7]. In fact, one just needs to modify the proof there by doing 
the followings: 1) replace n in Ref. by n — 1/2 which is always 2) quote 

part 2) of lemma l2.2l as follows: Identity 

(3.6) r 2 F\ a F\fj = c ( \d afj - ™£) + i^-F a p 



holds in representation s 2m of S0q{D — 1). □ 

Note that, when D is even, identity (|3.6p is not true unless fi = or 1/2; this is 
another evidence for the nonexistence of the even-dimensional generalized MICZ- 
Kepler problem with magnetic charge higher than 1/2. 

4. Representation theoretical aspects — the preliminary part 

The main objective in the rest of this paper is to show that the algebraic di- 
rect sum Ti of the energy eigenspaces of a generalized MICZ-Kepler problem in 
dimension 2n is a unitary highest weight (g, i^)-module where g = so(2n + 3) and 
K = Spin(2) x Spin(2n +1). Along the way, we prove Theorem [TJ 

We can label the generators of go (the Lie algebra of Spin(2, 2n + 1)) as follows: 

M AB = -Mba for A, B = -1, 0, 1, . . . , 2n + 1 

where in the (2n + 3)-dimensional defining representation, the matrix elements of 
Mab are given by 

[M A b)jk = -i{r)A]f]BK - VbjVak) 

with the indefinite metric tensor rj being diag{+ H — ■ } relative to the following 

order: — 1, 0, 1, . . . , 2n + 1 for the indices. 
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One can easily show that 
(4.1) [M AB , Ma'B'] = i(vAA'M B B' + Vbb'M A a' - Vab'Mba' ~ Vba'Mab')- 

In view of the sign difference between the right hand sides of Eqs. (|3.4[) and 
HSH , we define the representation (tt, C°°(S 2 ^)) of g as follows: for ip £ C°°(S 2f *), 



(4.2) n(M AB )W = -Jab^P 



where, by definition, Jab '■— --t^JabV^- Note that tt defines a representation for q 
only when fi = or 1/2. 

However, what is really relevant for us is just a subspace of C°°(S 2fl ), i.e., H. 
Actually, the story is bit more involved: what is really invariant under tt is not 7i, 
but a twisted version of 7i which is denoted by Ti. later; and there is a twist linear 
equivalence 

t: H^H 

which preserves the L 2 -norm, such that, viewing r as an equivalence of representa- 
tions, we get representation (n,Tl). Because of this intricacy, we shall devote the 
next two subsections to some preparations. 

4.1. Review of the (bound) energy eigenspaces. The bound eigen-states (i.e., 
L 2 eig en- sections of the Hamiltonian) of the generalized MICZ-Kcplcr problems 
have been analyzed in section 5.2 of Ref. [5] by using the classical analytic method 
with the help of the representation theory for compact Lie groups. Recall that the 
(bound) energy spectrum is 

(4.3) E z = - ' 



2(J + n + /i- 1/2) 2 



where I = 0, 1, 2, • • • . 

Denote by l S 2/i |s2r»-i the restriction bundle of S 2 ^ to the unit sphere S 2 ™ -1 . By 
the Frobenius reciprocity plus a branching rule for (Spin(2n), Spin(2n — 1)), one 
has 



(4.4) L a (S a "ls*.-i) = 



©;>o(^ + ©^D if A* = 1/2 

, ©,>o#? if = 

where fflf~ is the irreducible representation of Spin(2n) with highest weight 

(1 + 1/2,1/2,- •• ,1/2, ±1/2) 

and 3£f is the irreducible representation of Spin(2n) with highest weight (1, 0, • • • , 0). 
One can also show that, the infinitesimal action of Spin(2n) on C°°(6> 2m ) is just the 
restriction of tt to span K {Af Q/ 3 | 1 < a < (3 < 2n} = soo(2n). It is then clear that 
Tr(M a 0)'s act only on the angular part of the wave sections — a consequence which 
can also be deduced from the fact that J a /3's commute with the multiplication by 
a smooth function of r. 
Let 

; M = ; + yU + n-3/2 . 
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For a E {+, — , 0}, we let {^m(^)}mei CT (0 be an orthornormal (say Gclfand-Zcltin) 
basis for . Then, an orthornormal basis for the energy eigenspace <¥Pi with 
energy Ej is 

{ft. := Rki, (r)y£,(fi) |t + J = J+U>l,mg Z CT (Z), I > 0, a g {+, -}} 

if /i = 1/2, and is 

: = Rkl, (r)y^(n) I fc + Z = 7 + 1, m g Z°(Z), fc > 1, 1 > 0} 

if fi = 0. Here g L 2 (M. + ,r 2n ^ 1 dr) is a square integrable (with respect to 

measure r 2 " -1 dr) solution of the radial Schrodinger equation: 

1 „ ,„_,„ + 1) - (n - \){n - |) 1' 

r 



d r T ln - x d r + 



2 r 2n-l 

(4.5) 

Note that i?^ is of the form 



2r 2 



7ifci u — Ek-i+iRki u 



"- n+1/2 yH.(r)ex V (- 



k + L 



with y fciAi (r) satisfying Eq. 

d 2 2d 



(4.6) 



c?r 2 



k + Ifj, dr 



VkiJr) = 0. 



In term of the generalized Laguerre polynomials, 

y kl „(r)=c(k,l)r l ^ 1 Ll 1 ^ 1 L-lj. 

where c(fc, I) is a constant, which can be uniquely determined by requiring c(k, I) > 
and r o °°|i? feiti (r)| 2 r 2 "dr = l. 

We are now ready to state the following remark. 

Remark 4.1. 1) ^3^/ is the space of square integrable solutions of Eq. Hip = Eiijj. 
2) As representation of so(2n), 



(4.7) 



©f=o(A + ©A~) = V2 



©f=oA° if M = 

where Df = span{^>^_ z+1 ^ m | m g J ± (l)} is the highest weight module with 
highest weight (I + 1/2, 1/2,- ■• ,1/2, ±1/2), and L>,° = span{V>°j_j +1 ) im | m g 
Z°(l)} is the highest weight module with highest weight (Z, 0, • • • ,0). 

3) {J#i | I — 0, 1, 2, . . .} is the complete set of (bound) energy eigenspaces. 

For the completeness of this review, we state part of Theorem 2 from Ref. [6] 
below: 

Theorem 4.2. Let n > 1 be an integer and /i = or 1/2. For the 2n- dimensional 
generalized MICZ-Kepler problem with magnetic charge fi, the following statements 
are true: 

1 ) The negative energy spectrum is 

1/2 



E T = - 



{I + n + n - 1/2) 2 
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where I — 0, 1, 2, . . . ; 

2) The Hilbert space J^f{fi) of negative-energy states admits a linear Spin(2n+1)- 
action under which there is a decomposition 



^(M)=0 J=o ^i 



where Ji?i is the irreducible Spin(2n+1) -module with highest weight (I+fJ., fJ-, ■ • • , (a); 

3) The linear action in part 2) extends the manifest linear action of Spin(2n), 
and M'i in part 2) is the energy eigenspace with eigenvalue Ei in part 1). 

It was shown in Ref. [6] that the bound eigen-states are precisely the ones with 
negative energy eigenvalues. 

4.2. Twisting. As we said before, because of the technical intricacy, we need to 
introduce the notion of twisting. Let us start with the listing of some important 
spaces used later: 

• — the 7-th bound energy eigenspace; 

• TL — the algebraic direct sum of all bound energy eigenspaces; 

• Jf or Jff(fi) — the completion of TL under the standard L 2 -norm; 

• ^to — the subspace of TL spanned by {^%i m \ k > 1, I, m, a fixed}; 

• — the completion of TL? m under the standard i 2 -norm. 

Note that these spaces are all endowed with the unique hermitian inner product 
which yields the standard L 2 -norm, i.e., 



(4.8) 



GM) := / ty,4>)d D x 



where (ip, 0) is the point-wise hermitian inner product and d D x is the Lebesgue 
measure. 

It is clear from the previous section that 

{ i^kim I k > l,meV(l),l> 0,o- e {+,-}} if a* = 1/2 

(4.9) 38 := < 

I {i>° klm \k>l,mel°(l),l>0} if/i = 

is an orthonormal basis for both TL and ffl . 

To study the action of Jab's, we need to "twist" 38, TLf m , TL and JM? 
to get £8, M 1 !, TLf m , J^i^, Tt and jt respectively. It suffices to twist the elements 
of 38. Let t: 38 — > 38 be defined as follows: 

r(r klm )(r,n) := (k + e~ i( W f (i^r, «)) 
= (k + l^r +1 ^^r klm ((k + l^r,n) 

(4.10) cc r i +^U^ 1 +1 (2r)e- r r^(f7) 

where T = -^Ty/r, and 9j = — In / for any positive number /. For simplicity, we 
write T(V>fc2 m ) as V*jy m . One can check that 

$«m, fen) ^ = / (V^ m , V klm ) d°X=l. 



By using Eq. (|4.10p and the orthogonality identities for the generalized Laguerre 
polynomials, one can see that 4> k i m is orthogonal to V^/ /m when k ^ k' . 
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It is now clear how to twist all the relevant spaces listed in the beginning of this 
subsection. For example, 

(4.11) Ji> t := |expH0/ M+ if) (ApA I i> e #l 

Since is spanned by {ip% lm |fc + / = /+l,fc>l,me I CT (/)^ > 0, a e {+, -}} 
if fi = 1/2, or by {t/>g Jm |fc + Z = I+l,fc>l,me I > 0} if /x = 0, it follows 

that M'i is spanned by 

{^Mm |fe + / = /+l, fe>l,me T a (l),l > 0, cr e {+, -}} if /x = 1/2, 

or by 

{V'feim |fc + Z = /+l,fc>l,m€ 2°(0, / > 0} if fx = 0. 

We shall call J^(n) the twisted Hilbert space of the bound states for the 2n- 
dimensional generalized MICZ-Kcpler problem with magnetic charge \x. Remark 
that the twisting mad3 

(4.12) r: Jffji) -»■ Jg>(p) 

is the unique linear isometry which sends ipkim *° ^kim> moreover, r maps all 
relevant subspaces of J4?((i) isomorphically onto the corresponding relevant twisted 
subspaces. Note that J a p — -j=J a p^/r = J a p obviously acts on J%} as hermitian 

operator, so r := span{M Q , / g 1 1 < a < j3 < 2n} = so(2n) acts unitarily on J#i via 

7T. 

Recall that for non negative integer /, we use I M to denote I + n + /i — 3/2. 

Proposition 4.3. 1) ip%i m is an eigenvector ofT—i with eigenvalue k + l^. 

2) M'i is the space of square integrable solutions of Eq. T-iil> — (J^ + l)'tjj. 

3) r_i is a self-adjoint operator on -^f(fJ.) and is the eigenspace o/T_x with 
eigenvalue 1^ + 1. 

4) As representation ofx, 



(4.13) J4?r 



©f=o(A + ©A") «/M = l/2 



where — span{-0^_ ;+1 ^ m | m G X ± (l)} is the highest weight module with 
highest weight (I + 1/2, 1/2,- •■ ,1/2, ±1/2), and Df = span{-0^_ ;+1)/m | m S 
X°(/)} is the highest weight module with highest weight (I, 0, • • • ,0). 
5) Jf(n) = L 2 (S 2tl ). 

Proof. 1) The proof is based on the ideas from Ref. [3]. Since 

(4-14) H^ lm = E k+l _^ lm , 

we have \/r{H — ^k+l-x^klm = which can be rewritten as 

(^-i-%ny)(i^) = o 

2 v r 



6 It has a basis- free description: for i]i e J#i, T(tp)(r, ft) = (J M + l) n + 1 / 2 -±=^((1^ + l)r, Q). 
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where X and Y are given by Eq. ()3.1|) . In terms of r_i and Td+i, we can recast 
the above equation as 

(\ - E k+ i-x)t_ x + (i + E k+l ^)T D+1 - lj (^Vwm) = 

Plugging ip klm = F^ _ V / ^ e^efe+, "^ (V'Hm) mto tnc a bove equation and using iden- 
tities 

C e- ief f_ ie l9f = coshflf-i+sinhflffl+i 
(4.15) I 

\ e~ l6T t D+1 e l6T = sinh0f_i + cosh 6> f D+1 , 
we arrive at the following equation: 

(4-16) |f-i^ m = (fc + ^ E 



2) Note that the Barut-Bornzin process going from Eq. (|4.14[) to Eq. (|4.16[) is 
completely reversible. Therefore, part 2) is just a consequence of part 1) of Remark 
PI 

3) Note that r_i is defined on the dense linear subspace Ti of Jff(u). It is easy 
to check that 

for any ip klm an< ^ i'k'l'm" Therefore, T_i (To be precise, it should be its closure) 
is a self-adjoint operator on J^^fi), In view of part 2), Jffi is the eigenspace of T_i 
with eigenvalue 1^ + 1. 

4) This part is clear due to part 2) of Remark 14. II 

5) Recall that ^ m (r, SI) = R kl ^{r) Yf m {Sl) where R kl>l (r) cx r^""* L^ 1 +1 (2r) e~ r . 
By the well-known property for the generalized Laguerre polynomials, for any I > 0, 
{Rki }fc^Li form an orthonormal basis for L 2 (R + ,r 2 ™ -1 dr). 

By virtue of Theorem II. 10 of Ref. [17] and Eq. f£3]) . 

L 2 (S 2f2 ) = L 2 {R+,r 2n - 1 dr) (g> L 2 (S 2 ^ \ S 2 n -i) 

®^ L 2 (R + ,r 2n ~ 1 dr) ® (Sf+ e if /* = 1/2 



0^ o L 2 (R+,r 2 "- 1 dr) if /x = 0. 

Therefore, ^ is an orthonormal basis for L 2 (S 2fl ), consequently ^(/Lt) = L 2 (S 2 ^). 

□ 

We end this subsection with 

Remark AA. J^i is the eigenspace of tt(Ho) with eigenvalue —(7^+1). Here tt{Hq) = 
— r_i is viewed as an endomorphism of 

5. Representation theoretical aspects — the final part 

For the remainder of this paper, we assume the magnetic charge a is either or 
1/2. We start with some notations: 

• G — Spin(2, 2n + 1) — the 4-fold cover of SOo(2, 2n + 1) characterized by 
the homomorphism 7Ti(SOo(2, 2n + 1)) = Z ® Z2 — > 1i © Z2 sending (a, b) 
to (a, 6); 

• 0o — the Lie algebra of Spin(2, 2n+ 1); 
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• g — the complexfication of go, so g — So(2n + 3); 

• Hq — defined to be M_i,o; 

• Hj — denned to be —M.2j-i,2j for f < j < n; 

• K .— Spin(2) x Spin(2n+ 1) — a maximal compact subgroup of Spin(2, 2n+ 

i); 

• to — the Lie algebra of K; 

• t — the complexfication of to, so t = so (2) © so(2n + 1); 

• r — the subalgebra of g generated by {Mab 1 1 < A < B < 2n}, so r := 
g n r = so (2n); 

• s — the subalgebra of g generated by {Mab | 1 < A < B < 2n + 1}, so 
So :=0 O ns = so o (2n + l); 

• s[(2) — the subalgebra of g generated by M_i,u+i, M 0i d+i and M_i,o, so 
s[ (2) := 0o ns[(2) =so (2,l); 

• U(sl(2)) — the universal enveloping algebra of sl(2). 

5.1. 7i is a unitary highest weight Harish-Chandra module. The goal of 
this subsection is to show that (tt,H) is a unitary highest weight (g, if)-module. 

Proposition 5.1. 1) Each tt(Mab) maps 7i into H., so {tt,TI) is a representation 

2) Each tt(Mab) is a hermitian operator on TL, so {tt,TI) is a unitary represen- 
tation of g. 

3) (? r |si( 2 )''^Zm) * s ^ e discrete series representation of st(2) = so(2, 1) with 
highest weight —l^ — 1. 

Proof. 1) We follow the convention of Ref. [18] for describing the root space of 
g = so(2n + 3). Take as a basis of the Cartan sub-algebra of g the following 
elements: 

H = M_i >0) Hj = -M 2 j-i,2j, j = !,■■■ ,n. 
Let r],rj' = ±1. We take the following root vectors: 

Er, e j +V >e<> = 2 (-^2j-l,2fe-l + W?Mjj,2k-l + W M 2j-l,2k - Vl' M 2j ,2k) 

for < j < fc < n, 
= — ^ (M 2 j-i,2n+i + ir)M 2 j,2n+i) for < j < n. 

This way we obtain a Cartan basis for g. Therefore, for ipj 6 we have 
7r(#o) = (--f/.- 1 + oo)*(-Ba)(^/) 

(5.1) = (-(J-ao^-ljTf^a)^/) 

where ao (which can be 0, or —1 or 1) is the 0-th component of a. It is not hard to 
see that n(E a )(i()i) is square integrableQ, so in view of part 2) of Proposition 14.31 
Eq. (JO} implies that 7r(J5 a )(^j) £ ^_ QD . (Here = 0.) Therefore, 7r(J5 a ) 

maps any Jifi, hence Tl, into Ti. By a similar argument, one can show that n(Hi) 
maps Ti into itself. Since H's and J5's form a basis for g, this implies that tt(Mab) 
maps H into itself. 



7 The convergence of the integral near infinity is clear because of the exponential decay as 
r — * oo. The convergence of the integral near the origin of is clear from the counting of powers 
of r. 
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2) It is equivalent to checking that each Jab ■= -^JabV^ is an hermitian 
operator on TL. First of all, it is not hard to see that, when O = 7r a ,r, ~, \/r, 

we always have 

(5.2) (^W = (^,« 

for any tpi, 1^2 in W. It is equally easy to see that Eq. (|5.2[) is always true for any 
-01, 1P2 in 7i when O is T a = \fr"K a ^fr, X = y / T7r 2 y / r + or r = r. It is then clear 
from definitions (|3.1[) and (|3.2|) that Eq. (|5.2p is always true for any ipi, V>2 in H 
when = Jab ■ 

3) Let us first show that tt(M-i : d+i), t^(Mo,d+i) and Tr(M-ifl) map each ip% lm 
into Hf m , so they indeed map ii° m into This is obvious for 7r(M_i j0 ) because 
ff(M_i l0 )(^ Im ) = -f-W^ m = -(* + Next, we introduce 

#± = -=(M_i, D+ i ± iMo, D+ i), 
V2 

then one can check from Eq. (|4.1|) that [M_i,o, -E±] = ±i?±. Therefore 

7r(M_ li0 )(7r(£ ± )(^, m )) - (-* -l„± l)n(E ± )(^ lm ), 

where n(E±) = ■^{T±iTd+i)- It is not hard to see that 7f(J5±)(^ m ) is square in- 
tegrable. In view of part 2) of Proposition ^. 3\ we conclude that n(E±)(tpf. lm ) must 
be proportional to ip7^i\i m - (Here, by convention, i/'o/m = 0-) Therefore, operators 
7r(i?±) map ip%i m into 7^^. This proves that (#| a t(2) > ^fm) is a representation of 
s[ ( 2 )- 

In view of the fact that 7r(M_i j o)(V'ij m ) = — + l^iim ^ 0> we conclude that 
U(sl(2)) ■ 4>ii m is a nontrivial unitary highest weight representation of the non- 
compact real Lie algebra sIq(2), hence must be the discrete series representation 
with highest weight -(Z M + 1). Since U(sl{2)) ■ $f im C Hf m , and 

dim(^ n U{s[{2)) ■ $l lm ) = dim(J?i n Hf m ) 

for all 7 > 0, we conclude that f7(st(2)) • ^f; m = Therefore, Hf m is a unitary 

highest weight st(2)-module with highest weight — — 1, which in fact is a uni- 
tary highest weight (s[(2), Spin(2))-module. Then must be the discrete series 
representation of Spin(2, 1) with highest weight — — 1. 

□ 

To continue the discussion on representations, we prove the following proposition. 

Proposition 5.2. 1) (tt\ s , Mi) is an irreducible unitary representation of 5, in fact, 
it is the highest weight representation with highest weight (I + [1, /j,, . . . ,fi). 

2) The unitary action of to on Ti, can be lifted to a unique unitary action of K 
under which 

00 

(5.3) H = (Z>(-J p - 1) <8 D l ) 

2=0 

where D l is the irreducible module o/Spin(2n+l) with highest weight (1+fJ,, /i, • • • , fi) 
and D^—lfi — 1) is the irreducible module o/Spin(2) with weight —l^ — 1. 

3) 7i is a unitary (q,K) -module. 



14 



GUOWU MENG 



4) (tt,H) is irreducible; in fact, it is the unitary highest weight module of g with 
highest weight 

(-(n + fi-1/2), n,-- 

Proof. 1) Recall that s is the so(2n +1) Lie sub algebra of g generated by 

{Hi, E ±e j ±e k, E ±e i \ l<i<n,l<j<k<n,l<l<n}, 

and So := sflgo is the compact real form of s. Since Hq commutes with any element 
in s, in view of Remark 14.41 we conclude that each M'i is invariant under 7r(s), i.e., 
(tt\ b ,J4?i) is a representation of s. 

Inside s there is an so(2n) Lie sub algebra r. Note that Hi, . . . , H n are the 
generators of a Cartan subalgebra of r, and Hi, . . . , H n+ i are the generators of a 
Cartan subalgebra of s. Recall from part 4) of Proposition 14.31 

f ©f=o(A + «A") ^ A* = V2 

(5.4) (*\r,<m) = l 

{ ©f=oA° if /^ = ° 

where Df is the highest weight r-module with highest weight {1+1/2, 1/2, ••• , 1/2, ±1/ 
and -DP is the highest weight t-module with highest weight (I, 0, • • • ,0). 

By applying the branching rulc@ for (s, t), one finds that there is only one solution 
to Eq. (|5.4|) : (tt\ s , J&i) is the highest weight module of s with highest weight 

(I + /i,AV ' , AO- 
Part 1) is done. 

2) Since 3%[ is the space of square integrable solutions of Eq. r_i^> = (/^ + 
and tt(Hq) = — F-i, as a t-module, M{ = D(—l^ — l)®D l where is the irreducible 
module of Spin(2n + 1) with highest weight (I + (i, (i, ■ ■ ■ ,(i) and D{—1^ — 1) is the 
irreducible module of Spin(2) with weight — l^ — 1. Since fi is a half integer, the 
irreducible unitary action of 60 on M{ can be promoted to a unique irreducible 
unitary action of K . Therefore, H. is a unitary if-module and has the following 
decomposition into isotypic components of K: 

00 00 

^ = 0^ = 0(^(^-1)®^). 

1=0 1=0 

3) From the definition, it is clear that the action of K on Ti is compatible with 
that of g on H, and its linearization agrees with the action of to- Part 2) says that 
H is /^-finite. Therefore, H is a unitary (g, i4f)-module. 

4) Let u / be a vector in JZq with g-weight (— {n + (1 — 1/2), (i, ■ ■ ■ ,(i). Since 
this weight is the highest among all weights with a nontrivial weight vector in H., 
V := U(g) ■ v C H is the unitary highest weight g-module with highest weight 
(— (n + (i — 1/2), /«,••• ,(i). Since is irreducible under s C g, either M{ C V 
or J^f n V = 0, so in particular J#o C V. We claim that J#} C V for any Z > 0, 
consequently V — TL and then part 4) is done. To prove the claim, we note that 
U{si{2)) ■ v must be the discrete series representation of sl(2) with highest (Hq-) 
weight — (n+[jL— 1/2) because it is a nontrivial unitary highest weight representation 
of the non-compact Lie algebra s(o(2). In view of the fact that J% is the eigenspace 



8 See, for example, Theorem 3 of §129 of Ref. [19]. 
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of n(Ho) with eigenvalue -(Z M + 1), J£? R (U($t(2)) ■ v) = spaXL{n(E l _)(v)} must be 
one-dimensional. Then ^flF/O because dim(^ n V) > dim(^? n (t/(s[(2)) • 
v)) = l. 

□ 

5.2. Proof of Theorem [TJ Viewing the twisting map r as an equivalence of 
representations, we get a representation it of Q which is equivalent to n. Then 
the two propositions proved in the previous subsection are true if we drop all 
"tilde" there. Thus Ti. is the unitary highest weight (g, K )-module with highest 
weight (— (n + [i ~ l/2),/i, ••• ,fi). By a standard theorem of Harish-Chandr£@, 
we know that Jif is the unitary highest weight G-module with highest weight 
(— (n + fi — 1/2), fi, ■ ■ ■ such that (n, H) is the underlying (g, i-Q-module. One 
can check that this highest weight module occurs at the first reduction point of 
the Enright-Howe-Wallach classification diagram^ So part 1) is done. Part 2) 
of Theorem [1] is just a consequence of part 3) of Proposition 15.11 and part 3) of 
Theorem [1] is just a consequence of part 2) of Proposition E21 

Appendix A. Geometrically transparent description 

Assume n > 2 is an integer and fi = or 1/2. The purpose of this appendix is to 
give a geometrically transparent description of the unitary highest weight module 
of Spin(2, 2n + 1) with highest weight (— (n + fi — 1/2), fi, ■ ■ ■ , fi). 

As usual, let S 2fM be the pullback bundle under the natural retraction R 2 ™ — » 
g2n-i Q £ tne vec ^ or bundle Spin(2n) x Spin ( 2n _ 1 ) s 2ai — > S 2,l_1 with the natural 
Spin(2n)-invariant connection. Let d D x be the Lebesgue measure on M. 2n . As is 
standard in geometry, we use L 2 (S 2f *) to denote the Hilbert space of square inte- 
grable (with respect to d D x) sections of S 2 ^ . We have shown that Ji?(fi) = L 2 (S 2 ^), 
therefore, L 2 (S 2t *)) is the unitary highest weight module of Spin(2, 2n+ 1) with 
highest weight (— (n + fi — 1/2), /i, • • • , fi). To describe the infinitesimal action of 
Spin(2,2n + 1) on C°°(S 2 ^), it suffices to describe how M 0) q, M d +i.o and M_i, 
act as differential operators. It is easy to see that M a ^, Mp+ifi and M_i :0 are 
equal to iy/rV a ^fr, \ (y/rA^y/r + r - f ) and | (y/rA^^r - r - f) respectively. 
Here A M is the Laplace operator twisted by 5 2m . For example, for ijj £ C°°(5 2a '), 
we have 

(A.l) (M a , -V)(r,n) = iVrVaCVrV'^n)). 
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